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Abstract. Current quantum cascade lasers based upon conduction band

electron transitions are predominantly TM (electrical el d normal to the epitaxial

direction) polarized. Here we present a study of localized d efect modes, with
the requisite TM polarization, in connected square and hexa gonal lattice two-

dimensional (2D) photonic crystals for application as quan tum cascade laser
resonators. A simple group-theory based analysis is used to produce an
approximate description of the resonant modes supported by defects situated at
di erent high symmetry points within the host photonic latt ice. The results
of this analysis are compared with 2D nite-di erence time- domain (FDTD)

simulations, showing a close correspondence between the two analyses, and
potential applications of the analysis in quantum cascade | aser design are
considered.

PACS numbers: 42.70.Qs, 42.55.Sa, 42.60.Da, 42.55.Px

1. Introduction

Optical microcavities have been the subject of much resealc within a variety
of elds, including optoelectronics and laser physics$lil],nonlinear optics[Z], cavity
quantum electrodynamics[3], and biomolecular sensing[4] Planar photonic crystal
(PC) defect microcavities[5, [6], formed by an intentionally introduced perturbation
to the periodic photonic lattice, have attracted attention for a variety of reasons,
including lithographic control of many salient properties of the cavity modes[6,[T],
the potential for on-chip integration with PC waveguides[8], and their ability to
support resonant modes that simultaneously exhibit ultra-small (wavelength-scale)
modal volumes and high quality factors[9,[1I0D]. In most of these works, a two-
dimensional (2D) connected dielectric lattice of air holesis employed, often as a result
of experimental constraints (for example, a connected latice is necessary for undercut
membrane geometries). The focus of these investigations kaypically been on cavity
modes with transverse electric (TE) polarization (magnetic eld normal to the slab)
in a hexagonal lattice, primarily because of the presence o& complete (in-plane)
frequency band-gap for modes of such polarization[11]. Reat calculations[12,[13]
and experiments[ID], however, have con rmed that the absece of a complete in-plane
band-gap (in these cases, for TE modes within a connected sqte lattice of air holes)
does not preclude the formation of low-loss, localized resmant states, provided that the
modes are localized to regions of momentum space where thettiae provides strong

x To whom correspondence should be addressed (kartik@caltec h.edu)
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optical feedback. These results thus provide motivation fo the study of localized
transverse magnetic (TM) polarized (electric eld normal to the slab) states within
connected photonic lattices, which also lack a complete irplane band-gap.

Further encouragement is found in recent work incorporatirg a PC microcavity
within a quantum cascade (QC) semiconductor heterostructue[IZ] to form an
electrically-injected PC QC laser[I%[16]. The intersubbad transitions responsible for
photon generation within QC lasers are fundamentally TM in nature, while e cient
electrical injection necessitates the use of a connected P@Gttice. Though initial
devices more employed more extendenhicrocavity band-edge statesfuture e orts will
involve optimization of current injection to create furthe r localized electrically-driven
defect modelasers, attractive due to the potential for reduced cavity radiation loss
(high quality factor) and further suppression of unwanted gpontaneous emission. For
such applications, an understanding of the salient properies of the TM defect states
will be valuable.

Our study involves two complementary techniques for undertanding the
properties of the TM-polarized defect states in square and bxagonal lattice 2D
PCs. The rst, detailed in Section B] is a symmetry-based andysis analogous to that
considered in previous articles[d, 17] for TE-like modes, here the tools of group theory
are used to classify the symmetries and identify the dominahFourier components of
the defect states. 2D nite-di erence time-domain (FDTD) s imulations of the defect
modes are presented in Sectiofil 3, and show a close correspende with the group
theory analysis, while complementing the results with a dejiction of the real-space (in-
plane) properties of the modes. The results of these sectienprovide a starting point
from which more advanced defect designs can be generated,ca simple example of
this is given in Section[3.

2. Symmetry Analysis

The design of PC defect cavities has primarily been done thragh numerical methods
such as FDTD. The overriding role that symmetry plays in physical systems suggests
that the translational and rotational symmetries present in photonic lattices should
play a leading part in determining the properties of the defet modes, and as a
result approximate, less numerically intensive methods ca also provide valuable
information. In recent work[bl L7], the methods of group theory were used to
analyze and classify the modes of 2D PC slab WG defect caviteefor TE-like modes.
The results of the symmetry-based analysis were compared i FDTD simulations
and photoluminescence measurements, and showed a close respondence between
the approximate analysis, the detailed numerical simulatons, and the experimental
results. In this section, we extend the previously developg analysis to the case of
TM-like modes, with a focus on QC laser applications.

The discrete symmetries of the dielectric function, (r), determine the symmetries
present within Maxwell's equations. The group theory analysis we consider consists
of two main steps. Modes of the unperturbed slab waveguide @& used as a symmetry
basis to generate approximate eld patterns for the PC modesat the high symmetry
points within the rst Brillouin zone (IBZ) of the reciproca | lattice. The curvature
of the photonic bands at these points are such that peaks andalleys are created in
the energy-momentum dispersion surface. It is these peaksnd valleys which are the
seeds from which localized states are formed. The second ptén our approach then
utilizes these PC band-edge states as a basis to generate apgimate forms for the
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localized defect modes lying within the (partial) band-gap.

We consider quasi-2D PC structures in this paper, where an eective index (ne )
for the fundamental TM mode is used to take into account vertical waveguiding. In this
quasi-2D system, the fundamental TM mode is represented byhe scalar eld E;; in
a true three dimensional (3D) PC slab WG system, modes can nobe separated into
pure TE and TM polarizations, but are nevertheless (for the lower lying frequency
bands) signi cantly TE-like or TM-like in character. As a re sult, the approximate
analysis presented here will have utility in studies of 3D sgtems as well (indeed, in
previous work[8,[1T], the close correspondence between tlsgmmetry-based analysis
and 3D FDTD results for TE-like modes was established).

2.1. Hexagonal Lattice
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Figure 1. (a) Fundamental TM-like guided mode bandstructure (  ne = 3:345)
for a hexagonal photonic lattice with r=a=0.35. The air (cladding) light line
is shown as a solid black line. The X and J-point regions from w hich donor-like
defect modes are formed are circled. (b) lllustration of the  (upper) real and (lower)
reciprocal spaces of the two-dimensional hexagonal PC. The high-symmetry points

of the hexagonal lattice, refﬁrgnced to the center of an air h ole, are a = (0;0),
b =(a=2;0),and c=(0;a= 3).

The point group symmetry for TM modes in a 2D hexagonal lattice PC is
Csv- A plot of the approximate in-plane bandstructure (calculated by the plane-wave
expansion techniquell1B]) for the fundamental TM-like guiced modes in this lattice is
given in Figure[l(a), wherene = 3:345 in the dielectric regions, and the ratio of the
hole radiusr to lattice spacing a of r=a=0.35 has been chosen.

For the fundamental TM modes of an unpatterned waveguide, the electric eld
within the mirror plane of the slab is given by Ey, (r» ) = ze k2 '2) wherek, andr»
are in-plane wavenumber and spatial coordinates, respeately. Upon patterning the
slab waveguide, coupling occurs between waveguide modestiwisimilar unperturbed
frequencies and propagation constants moduldG, where G is a reciprocal lattice
vector. This follows from the (approximate) conservation o frequency and crystal
momentum.

The high symmetry points of the rst Brillouin zone (IBZ) of t he
hexagonal lattice (Figure [) are the six degenerate X -points (f (0; 1)kx,
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Table 1. Point Group character tables for the hexagonal lattice.

Cov |E Co 2C3 2C¢ 34 3 Cov |E Co  x(v1) y( a2
Ago 1 1 1 1 1 1 A 1 1 1 1
A(2)0 1 1 1 1 1 1 A, 1 1 1 1
B(ljo 1 1 1 1 1 1 B1 1 1 1 1
B® |1 1 1 1 1 1| B, |1 1 1 1
E; 2 2 1 1 0 0
E, 2 2 1 1 0 0
Sadss 2 0 2 0 2 0| s&dss 2 0 0 2
Shidas 2 0 0 2
Cov . JE 2C; 34l Cov. |E 2C; 3.
AT 1 1 AM 1T 1 1
Al |1 1 1 AR |1 1 1
E 2 1 0 E 2 1 0
SEEEE 3 0 1

(IO 3=2; =2k . (p 3=2; 1=2)kx ), the six degenerate -points (f (1=2; pEfZ)kJ ,

(1=2; ~ 3=2)k;, (1;0)k;g), and the -point=(0 ;0), with kx = 2 =a 3 and
k; =4 =3a. The group of the wave vector, which de nes the point group synmetry
of a plane wave moduloG within the dielectric lattice, is C,,, Csy, and Cg, for the
X, J, and points, respectively. Character tables|[I9] for these groups are given in
Table [0

Unlike the case for TE modes, the TM mode bandstructure does ot exhibit a

clear in-plane bandgap. Nevertheless, the curvature of thehotonic bands is such
that we can still expect localized defect states to form, preided that the modes are
composed of Fourier components that lie in a region of momentm space where a
bandgap does exist (i.e., a partial in-plane bandgap). In paticular, the J-point of
the third band (by frequency) has the correct curvature to form donor-type modes,
and enough of a bandgap surrounding it to create localized sites (the X -point of the
second band also has the correct curvature, but because theahdgap surrounding it
is somewhat small we will not consider it).

2.1.1. J-point Band-Edge Representation In determining an approximate description
of the modes of the patterned slab waveguide we consider thesmodes of the
unpatterned slab waveguide that are most strongly coupled onsidering temporal and
spatial frequency conservation. At the J-point these modes have a scalar electric eld
(TM) given by E = 7%e ks "> and a frequency! J  ¢jkjj=ne .

The star of k (?k) at the J-point, which consists of all the independentJ-points
within the IBZ, is given by (not uniquely) fkj,;k;,g9. A symmetry basis for the modes
of the patterned slab waveguide at theJ;-satellite point can be found by applying the
symmetry operations of the group of the wave vector Gk, = Csy) to the seed vector
Ek,,. In this case, the basis is Ex,,;Ex,,;Ek,,). Projecting this symmetry basis
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onto the IRREP spaces ofCg, yields:

o

EA0 :7(8 ile I'g +e ikJ3 I'g +e ikJSI'
1
EE'l:Q(e ile I’g + e ikJ3 I’g 2e ikJsf_ ), (1)

EE_zz/z(e iky, r3 e ikyg rj?)).

where A? and E label the IRREP spaces ofCs, (see Table[1;E is a 2D IRREP), and
the index a is used to denote the location of the origin at pointa in the hexagonal
lattice. Because the dielectric structure has a low index aihole at point a, we associate
Eag with the third highest frequency band mode. This is a result d the tendency, all
things being equal, for modes with electric eld concentraed within regions of high
dielectric constant to be lower frequency than those with egctric eld concentrated in
low dielectric regions[I1]. We associate the set of modd<€e.1; Eg. 20, with the rst
and second frequency bands, which, consistent with the barsfructure calculations
(Figure [M(a)), are degenerate at theJ -point.

To fully de ne the modes at the J-point all modes of the ?k must be included.
The result of doing so is the following set of lower band modes

a

e ile I'g + e ikJ3 I'g 2e ikJS rs
e ile I’g e ikJS I’g §

J(L2)a =2 ik, 13 4 g ikigrd 9 ikig 12 )
e isz I’g e ikJ4 I’g
and higher band modes,
e ile fg + e ikJ3 I’g + e ikJs I’g
I3 =72 e ki, 13 4 g ki, rd 4@ ikogrd 3)

The approximate J-point band-edge modes derived above have their origin at th
center of an air hole (point a). The hexagonal lattice has two other high-symmetry
points around which one may center a defect, pointsb and ¢ shown in Figure(b).
Unlike point a, points b and c are of lower symmetry than that of the lattice (C,, and
Csv: ,, respectively).

To determine the approximate band-edge modes for defect régns centered about
these points, the lower and higher band modes are simply shé&d to each of these
points using the transformationsr3 = r, b andr§ =r, c. The resulting bases
are labeledJ(1;2)y, J3p, J(1;2)c,and J 3; for lower and higher bands centered about
points b and c, respectively.

2.1.2. J-point Donor Modes We now consider donor modes, which are formed by
a local increase in the dielectric constant within the photmic lattice. As discussed
previously, the lowest frequency region ofk-space for which this can occur, while
still enjoying the bene ts of signi cant isolation from oth er bands, is the J-point
of the third frequency band. Therefore, the appropriate synmetry basis to use for
describing localized donor modes are the band-edge modes #8,, J 3y, and J3; for
defects centered around pointsa, b, and c, respectively. For defects centered about
point a the largest possible symmetry is that of the underlying hexgonal lattice, Cgy,
whereas for defects about pointb and point ¢ the largest point group symmetries are
C,y and Csy. ,, respectively. Correspondingly, the character values ofepresentation
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Table 2. Symmetry and dominant Fourier components of the E-eld for T™M
donor modes formed from the Js band-edge in a hexagonal lattice.

Cavity Center/Symmetry Mode
a=GCgy Ej}go” =% cosky, r3)+cos(ky, r3)+cos(ky; r3)
a=GCgy Eg"go” =z sin(ky, r3)+sin(ky, r3)+sin(ky, r3)
b=Gy EE\;‘?” =% coskj, r8)+cos(ky, r%) cosky, r3)
b=G, Eg®® =% sinky, r8)+sin(ky, r8) sin(ky, r3)
c=Gy: , Ef;;dl” =% cosky, 1§+ &)+cos(ky, 15 %)
+cos(ky, r$)
c=Gy; EgY =% sinky, 15+ 2)+sin(ky, 15 %)
+sin(ky, r$§)
a=Cyy Eyews! EX0®
a=Cyy E"é;‘;’o”! Egdee

S&dss of the J 3, basis underCgy, representationS® %3 of the J 3, basis underCy,, and
representation S¢4v3 of the J3; basis underCs,. , are given in Table[l. From these
character tables we nd that these representations decompse asS#%:: = A® B9
Shidis = A Bjp,and SG9: = E - A% Using the appropriate projection operators[19]
on J 3, a set of basis functions for the localized conduction band dnor modes about
point a is found. Similarly, projecting the basis functions J 3, onto the IRREPs of C,,
and the basis functionsJ 3; onto the IRREPs of Cs,. ,, we get the donor modes about
point b. The approximate forms of the donor modes found from these pyjections are
given in Table . Also shown in this table is the new mode struture for a defect
cavity of reduced symmetry (C,,) centered about point a (points b and c are already
of lower point symmetry than the lattice), found by using the compatibility relations
between the IRREPs of the full and reduced symmetry groups.

The key pieces of information given by our approximate desdption are the
dominant Fourier components that comprise each mode. Appreimate forms for
localized defect states can be produced by including some form of an ealope function
along with these approximate symmetry-based forms; in preious work|[20], the e ects
of the underlying photonic lattice are captured through derivation of a Wannier-like
wave equation for the envelope of resonant TE modes. When cdomed with the
results of the group theory based analysis, a very accurate ipture (as con rmed
by FDTD simulations) of the near- eld behavior of the defect modes is produced.
A similar Wannier-like equation for TM modes can be generate; however, for the
purposes of this paper, we forego such an analysis and insigabtain more detailed
information directly from FDTD simulations. The key point s tressed in Ref. [Z0] that
is of relevance here is that the ground state envelope funatins transform e ectively as
the identity operator, and as a result have no bearing on the tansformation properties
(i.e., the classi cation of the symmetries of the modes) deived here.

2.2. Square Lattice

The point group symmetry of the square lattice photonic crygal is C4,. A plot of the
approximate in-plane bandstructure for the fundamental TM-like guided modes of a
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square lattice of air holes withne = 3:345 for the dielectric regions andr=a=0.40 is
given in Figure E2(a).

Figure 2. (a) Fundamental TM-like guided mode bandstructure (  n. = 3:345)
for a square photonic lattice with r=a=0.40. The air (cladding) light line is
shown as a solid black line. The X and M-point regions from whi  ch defect modes
are formed are circled in black. (b) lllustration of the (upp er) real and (lower)
reciprocal spaces of the two-dimensional PC with a square ar ray of air holes. The
high-symmetry points of the square lattice, referenced tot he center of an air hole,
ared =(0;0), e =(0;a=2), and f = (a=2;a=2).

The high symmetry points of the IBZ of the square lattice (Figure 2(b)) are
the FBoyr de%e_neratex -points (f (1;0)kx, (0;21)kx g), the four degenerateM -Bo_ints
(( ~ 2=2, " 2=2)ky ), and the -point=(0 ;0), with kx = =a and ky = 2=a.
The group of the wave vector at the X-, M-, and -points is Cy,, Cay, and Cyy,
respectively. Character tables[19] for these groups are g&n in Table 3.

Based on the photonic bandstructure diagrams of Figure 2(a) the candidate
regions ofk-space from which we expect to form defect modes include thX -point
o the second frequency band (conduction band donor modes) lad the M -point o
the fourth frequency band (higher band donor modes). Discusion of the M -point of
the rst frequency band, also a candidate region ofk-space (to create valence band
acceptor modes) is not considered here in the interests of kping the discussion as
concise as possible. The analysis is quite similar to what veadone for the hexagonal
lattice; we begin by forming basis functions to describe théband-edge modes, and then
couple these modes via the symmetry of the defect to get an appximate description
of the cavity modes.

2.2.1. X-point band-edge representation A symmetry basis for the modes of the
square lattice PC at the X -point is found by applying the symmetry operations of
the group of the wave vector Gok, = Cay) to the seed vectorEy, .- In this case, the
basis is simply Ex,,;E «k«,)- Projecting this symmetry basis onto the IRREP spaces
of Cyy, and then including all the modes of the star of?k, results in the following set
of degenerate valence band modes,

sin(kx ,

=2 Sink,

d
I @
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Table 3. Point Group character tables for the square lattice.

Cav E Co 2C4 2y 24| Co;, |E Co  x(v1) y(wv2)
A% 1 1 1 1 1 A 1 1 1 1
A0 1 1 1 1 1 Az 1 1 1 1
B0 1 1 1 1 1 B 1 1 1 1
B3O 1 1 1 1 1 B, 1 1 1 1
E 2 2 0 0 0
SM 4 0 0 0 2| s*: 2 0 2 0
Sddxz |2 2 0 2 0| s&dxz | 2 0 2 0
Sdidma |1 1 1 1 1] S&dua | 1 1 1 1
Shdxz | 2 2 0 0 0
Sfdwa | 1 1 1 1 1
and degenerate conduction band modes,
x24=n COSkx T3) 5)

coskx, r9)

In the square lattice there are three dierent high-symmetry points around
which one may center a defect, labeled], e, and f in Figure 2(b). Points d and
f maintain the C4, symmetry of the lattice, while point e has the lowered symmetry
Cov: .. The shifted valence and conduction band-edge modes are fod through the
transformations r§ = r, e and rf_, =r, f, and are labeled asX 1., X 2¢, X 1¢,
and X 2 for points e and f respectively.

2.2.2. M-point band-edge representation The group of the wavevector at theM -point
is C4y, and as such the symmetry basisS™ , includes all the M -points of the IBZ,
SM = (Ele;EkMZ;E ku, s E kmz)- As determined from its character under Cgy
(Table 3), SM = E A B The doubly degenerate IRREPE represents the second
and third frequency bands as they are degenerate at thd/ -point as shown in Figure
2(a), while the BS°and A°IRREPs represent the rst and fourth frequency bands,
respectively, as a result of the lattice being centered on arair hole. Approximate
forms for the modes of these bands at theM -point are calculated by projecting the
symmetry basis onto the three IRREP spaces. With the origin @ntered at point d,
the band-edge modes are:

M1y=% coskv, r$) coskm, r4) ; (6)

. — Sin(kM1 rg)+5in(kMz rg)) .
M@ =2 ok, r9) sintky, rd) (7)
M4y =% coskv, r9)+cos(km, rd) : (8)

As was done for theX point, shifted band-edge modes for pointse and f are easily
found and are labeledM 1¢, M (2;3)e, M 4, and M 1z, M (2; 3);, and M 4; .
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Table 4. Symmetry and dominant Fourier components for the E-eld of TM
donor modes formed from the X 2 and M 4 band-edges in a square lattice.

Cavity Center/Symmetry Band-Edge Mode
d=Cy,, X2 Ei;go“ =% coskx, rd)+cos(kx, r9)
d=C,, X2 g;?o“ =% coskx, r4) coskx, r9)
e=Cyy X2 Ei‘i“ =% coskx, r$)
e=Cy X 2 ES9? =% sin(kx, rS)
f=Cay X2 E¢' X2 =% sin(kx, r5)
f=C 4y X2 Ef®x2 =% sin(kx, r5)
d=Cyy; X2 Ei;go“ ! Ei;fxz;l
d=Cyy. , X2 Eg?goxz I S
f=Cay, , X2 EfE;(;jlX2 ! Egdlxz
f=Cay. , X2 Egiyzt ERSxe
d=Cy,, M 4 Ef\;go““ =% coskm, rd)+cos(km, r9)
e=Gy. , M 4 Ege =2 sin(km, r$) sintkm, r$)
f=Cay M 4 Egdgo““ =% coskm, rf_)) coskwm, rf_,)
d=Cyy. , M 4 Ei?gow LOERM
f=Coy. , M 4 Ege'* ! E"

2.2.3. Donor modes For the square PC lattice, as described earlier, two band-
edge minima from which donor modes can be formed are thX -point in the second
frequency band and theM -point in the fourth frequency band (Figure 2(a)). For
a symmetric defect centered at pointsd and f the band-edge modes at theX
and M points couple to form resonant modes which transform as IRRPs of Cy,,
whereas for the lower symmetry point e the defect modes transform as IRREPs
of Cyy. ,. The representations describing how theX 24, X 2, and X 3; symmetry
bases transform under the appropriate point group are giverby S%dx2 Sedx2 gnd
Shdx2 respectively. Similarly, the representations describig how the M 44, M 4,
and M 4; symmetry bases transform under the appropriate point groupare given by
Sddwa gedws gnd Sdwme respectively. From their characters in Table 3 we nd
that S%dx2 = A B0 sedxz = A;  B,, and SF4x2 = E, while S¥dv+ = A
Sedws = B,, and S"4 v+ = BI%. For points d and f , defects may also be formed with
lower symmetry than the C4, symmetry of the square lattice. Using the compatibility
relations between the IRREPs of the full and reduced symmety groups, we determine
the new mode structure for a defect ofCy,. , symmetry (i.e., with mirror planes
along the X and ¥ directions of Figure 2(b)). Projecting the di erent symmet ry bases
onto the IRREPS of the point group symmetry of the di erent ca vities one obtains
approximate forms for the TM donor modes in the square lattice, the results of which
are tabulated in Table 4.

k The symmetries and fundamental momentum components of the p  ossible donor modes formed from
the M 4 band-edge are trivially given by a single band-edge mode. T his is due to the fact that the

M -point in the square lattice is highly symmetric, and the gro  up of the wave vector mixes all four of
the M -points of the IBZ.
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3. FDTD Simulations

In this section, FDTD simulations of the donor defect modes denti ed in Section 2 are
presented. The FDTD calculations establish the e ectiveness of the chosen symmetry
bases of the group theoretical analysis in describing the dect cavity modes. To reduce
computational time, we limit our study to 2D FDTD simulation s with an e ective
index used to account for vertical guiding; previous paperfs, 17] have shown that 3D
FDTD simulations of TE-like modes in full PC slab WG defect cavities correspond well
with the modes found through the approximate group theory amalysis. The FDTD
calculations were performed on a mesh with 20 points per latte spacing. Excitation
of the cavity modes was performed by an initial eld (E;) with a localized Gaussian
pro le, located in a position of low symmetry so as not to exclude any possible resonant
modes. TM modes are selected out by constraining the normalanponent of the eld
to be purely E,, and a pair of mirror planes ( x, y) were used to lter out cavity
modes according to their projection on the IRREPs ofC,,. Each FDTD-generated
cavity mode is thus labelled by the C,, IRREP by which it transforms and an index
corresponding to its energy (frequency) level.

FDTD-generated results are compared with the results of thesymmetry analysis
both through con rmation of the symmetry classi cations un der the IRREPs of Cy,
(although a careful analysis of all available mirror planeswithin the FDTD simulations
would allow classi cation under higher symmetries such asCy4, or Cg,) and through
an analysis of the dominant Fourier components of the modestfrough examination
of the spatial Fourier transform of E, (E,)).

3.1. Hexagonal Lattice

Figure 3. Defect geometries for donor modes about the (a) a-point and (b)
b-point.

We begin by considering donor-type defect modes in the hexamal lattice formed
around the J-point of the third frequency band, where from our symmetry analysis
we expect to see modes oA; and B; symmetries (under Cyy). In Figure 3 we show
two examples of simple defects within the hexagonal latticeone localized around the
point a of the lattice, the other around point b. The chosen defect around theb-
point in the hexagonal lattice, the defect cavity we will consider here, consists of two
reduced size air holes along they-axis, with r=a = 0:35 and rge=a = 0:30 (Figure
3(b)). The spectrum for A; modes shown in Figure 4(a) shows a single dominant
peak in the frequency range of interest; the real space and Fwier space versions
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of this eld are given in Figure 4(b)-(c), and indicate that t he mode has dominant
Fourier components at the sixJ-points within the IBZ, as predicted by our symmetry
analysis. The Fourier transformed electric eld for the B; symmetry mode is shown in
Figure 4(f); the mode has its dominant Fourier components atthe six J-points, and is
somewhat delocalized in comparison to théd; mode (Figure 4(e)). Similar results and
correspondence were found for the defect around poird of the lattice (Figure 3(a)).
As a nal comment, we note that FDTD-generated spectra for A, and B, symmetry
modes were also examined (for both pointa and b), and signi cant resonance peaks
were not seen in the frequency range of interest.

Figure 4. Donor modes about the b-pt. in the hexagonal lattice. (a) Spectrum
for A1 symmetry modes. (b) E; and (c) jE;j for A; mode. (d) Spectrum for B
symmetry modes. (c) E; and (d) jE;j for B; mode.

3.2. Square Lattice

In Section 2 we identi ed three high symmetry points in the square lattice about which
defect modes are formed. For each of these points, we considd donor modes o the
X point of the second frequency band andM point of the fourth frequency band. We
now present FDTD simulations which verify the symmetry classi cation and Fourier
space composition for the defect modes predicted by the grqutheory analysis.
Figure 5 shows three examples of defect cavities formed abbthe d, e, and
f points of the square lattice. We present here the FDTD resuls for the defect
cavity about the f point. In this cavity a localized defect state is formed that has 2
component of the electric eld predominantly within the hig h refractive index material,
which for application as a QC laser cavity would provide the krgest possible overlap
factor with the gain region in the semiconductor. Donor modes about the f -point
are created by reducing the size of four air holes (Figure 5{3. For this example,
we have takenr=a = 0:40 andrger=a = 0:35. The symmetry classi cations for the
modes predicted in Section 2 are con rmed as this perturbatbn to the dielectric lattice
creates donor modes of typeB1, B,, and A, symmetry, with the primary B; mode
at a normalized frequency ofa= o = 0:220 (Figure 6(a)), the dominant B, mode at
a normalized frequency ofa= o = 0:220 (Figure 6(d)), and the main A, mode at
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Figure 5. Defect geometries for donor modes about the (a) d-point and (b)
e-point and (c) f -point.

Figure 6. Properties of f -pt. modes in the square lattice. (a) B symmetry mode
spectrum. (b) E; and (c) j&;j for low frequency B; mode. (d) B, symmetry mode
spectrum. (e) E; and (f) jE;j for low frequency B2 mode. (g) A2 symmetry mode
spectrum. (h) E; and (i) jE;j for high frequency A, mode.

a= ¢ = 0:419 (Figure 6(g)). The real and Fourier space versions of thelectric eld
for the low frequency peaks show that theB; mode (Figure 6(b)-(c)) has dominant
Fourier components at X, and the B, mode (Figure 6(e)-(f)) has its dominant
Fourier components at X1, consistent with the group theory analysis. These modes
are in fact degenerate (consistent with the group theory preliction that they originate
from a 2D IRREP for a defect of C4, Symmetry) and act as a dipole-like pair of
modes, in analogy with the hexagonal lattice dipole modes sidied in previous work[6].
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Finally, JEj and jE,j for the higher frequency A, peak are shown in Figure 6(h)-(i),
and show that it is composed of dominant Fourier components aithe four M points.

4. Summary and Discussion

The group theory analysis presented in Section 2 can be used tascertain a humber
of important properties about TM-polarized defect modes in connected PC lattices,
and as such, serves as a starting point from which more careffuesigns of PC defect
cavities can originate. For example, recognizing potentia modal degeneracies and
modi cations that can be made to split or remove these degenecies can be important
in laser design[7, 6]. Coupling of the cavities to other in-fane elements can bene t
from an understanding of the modes' dominant in-plane emisi®n directions, while
knowledge of the position of eld nodes/antinodes with respect to the dielectric and air
regions is important as some applications (such as couplinp semiconductor quantum
dots) bene t from eld maxima in the dielectric regions, whi le others (such as coupling
to states of cold atoms \dropped" within the cavity) are bett er served by eld maxima
in the air holes.

With the results obtained from the group theory analysis in hand, more
sophisticated modeling, such as full 3D FDTD simulations, @n be used to determine
more quantitative properties of cavity modes such as modalrequency, cavity quality
factor (Q), and precise near and far- eld emission pattern. This appoach was used in
Ref. [12], which focused on the design of higl wavelength-scale PC microcavities. In
this work, the group theory based approach was used to analyr TE-polarized modes
localized to di erent high symmetry points within connected square and hexagonal
lattice PCs. Fourier space design principles were then usetb determine which of
these candidate modes were particularly suitable for highQ applications, and then
full 3D FDTD modeling was used in the nal design steps.

Figure 7.  Properties of X -point Ei:'jx 2 symmetry mode in a graded square
lattice. (@) Ez (b) jE&;j.

As a simple example, we conclude by considering the formatioof a PC defect
laser cavity for TM-polarized modes (used in conjunction wth QC heterostructures,
for example). The square lattice defect cavities considerk in Section 2 had fairly
large-size air holes (=a = 0:45), which in fabricated devices can be problematic for
a number of reasons, including reduced dielectric- eld ovdap () and poor thermal
stability due to the porosity of the lattice. In electricall y injected devices, this porosity
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could also hinder defect mode lasing, as pumping of the cerdi (defect) region of the
cavity will be more di cult for such small current paths. On t he other hand, larger
holes create larger frequency-space gaps in which the modean be localized. One
method for achieving high in-plane re ectivity while reducing the porosity of the lattice
is to employ a graded lattice design[12]. Starting with the requirement that our lasing
mode have an electric eld antinode in a dielectric region (his mode is similar to the

EE',® mode of the f -point defect cavity), we use our group theory based analysi

to select the Iow-frequencyE,‘i;‘ljX > mode as a mode of interest. We then employ the
graded lattice geometry shown in Figure 7(a) to create such amode. It consists
of two levels of con nement: rst, an initial jump in hole rad ius between the holes
centered at (0 a=2) (which have r=a = 0:225) and their nearest neighbors (which
have r=a = 0:25), and then, a parabolic increase in hole radius moving owtards from
the defect center (with a maximum value r=a = 0:30, equal to the hole size used in
lasing devices in Ref. [15]). The initial jump in r=a serves as a potential well to
help con ne the mode in real space, while the grade allows fothe hole radius to
be kept small in the region where the mode is primarily locatel (to keep high),
but large enough outside of this region to produce a high in-fane re ectivity. The
resulting real space eld E, and Fourier transform j&,j for the A; mode are shown
in Figure 7. Based on these images, we see that our initial obftives have been met:
the mode remains well localized to the central region of the avity, despite having now
chosen considerably smaller holes. With this lattice geontey taken as a template, the
Fourier space design principles of Ref. [12] could now be aped, in conjunction with
3D FDTD simulations, to optimize the cavity Q factor for use in high performance
devices.

Acknowledgments
K. Srinivasan thanks the Hertz Foundation for its graduate fellowship support.

[1] H. Yokoyama, \Physics and Device Application of Optical Microcavities," Science 256, 66{70
(1992).

[2] S. M. Spillane, T. J. Kippenberg, and K. J. Vahala, \Ultra  low-threshold Raman laser using
spherical dielectric microcavity," Nature 415, 621{623 (2002).

[3] H. J. Kimble, \Strong Interactions of Single Atoms and Ph otons in Cavity QED," Physica
Scripta T76, 127{137 (1998).

[4] D. J. Norris, M. Kuwata-Gonokami, and W. E. Moerner, \Exc itation of a single molecule on the
surface of a spherical microcavity," Appl. Phys. Lett. 71, 297{299 (1997).

[5] J.S. Foresi, P. R. Villeneuve, J. Ferrera, E. R. Thoen, G.  Steinmeyer, S. Fan, J. D. Joannopoulos,
L. C. Kimerling, H. I. Smith, and E. P. Ippen, \Photonic-Band gap microcavities in optical
waveguides," Nature 390, 143{145 (1997).

[6] O. Painter, K. Srinivasan, J. D. O'Brien, A. Scherer, and  P. D. Dapkus, \Tailoring of the resonant
mode properties of optical nanocavities in two-dimensiona | photonic crystal slab waveguides,"
J. Opt. A 3, S161{S170 (2001).

[7] H. Park, J. Hwang, J. Huh, H. Ryu, Y. Lee, and J. Hwang, \Non  degenerate monopole-mode
two-dimensional photonic band gap laser," Appl. Phys. Lett . 79, 3032{3034 (2001).

[8] S. Noda, A. Chutinan, and M. Imada, \Trapping and emissio  n of photons by a single defect in
a photonic bandgap structure," Nature 407, 608{610 (2000).

[9] Y. Akahane, T. Asano, B.-S. Song, and S. Noda, \High- Q photonic nanocavity in a two-
dimensional photonic crystal," Nature 425, 944{947 (2003).

[10] K. Srinivasan, P. E. Barclay, M. Borselli, and O. Painte r, \Optical- ber-based measurement of
an ultrasmall volume, high- Q photonic crystal microcavity," Phys. Rev. B 70, 081206(R)
(2004).

[11] J. D. Joannopoulos, R. D. Meade, and J. N. Winn, Photonic Crystals (Princeton University
Press, Princeton, New Jersey, 1995).



K. Srinivasan and O. Painter, Design of two-dimensional phdonic crystal... 15

[12] K. Srinivasan and O. Painter, \Momentum space design of  high-Q photonic crystal optical

cavities," Opt. Express 10, 670{684 (2002).

[13] H.-Y. Ryu, S.-H. Kim, H.-G. Park, J.-K. Hwang, Y.-H. Lee , and J.-S. Kim, \Square-lattice

(14]

[15]

[16]

(17]

(18]
(19]

(20]

J.

R.

K.

O.

K.
M.

photonic band-gap single-cell laser operating in the lowes t-order whispering gallery mode,"
Appl. Phys. Lett. 80, 3883{3885 (2002).

Faist, F. Capasso, D. L. Sivco, C. Sirtori, A. L. Hutch inson, and A. Y. Cho, \Quantum
Cascade Laser," Science 264, 553{556 (1994).

Colombelli, K. Srinivasan, M. Troccoli, O. Painter, C. Gmachl, F. Capasso, D. M. Tennant,
D. L. Sivco, and A. Y. Cho, \Quantum Cascade Surface-Emittin g Photonic Crystal Surface
Laser," Science 302, 1374{1377 (2003).

Srinivasan, O. Painter, R. Colombelli, C. Gmachl, D. Tennant, A. Sergent, D. Sivco, A. Y.
Cho., M. Troccoli, and F. Capasso, \Lasing mode pattern of a ¢ uantum cascade photonic
crystal surface-emitting microcavity laser," Appl. Phys. Lett. 84, 3990 (2004).

Painter and K. Srinivasan, \Localized defect states  in two-dimensional photonic crystal slab
waveguides: a simple model based upon symmetry analysis,” P hys. Rev. B 68, 035110 (2003).
Sakoda, Optical Properties of Photonic Crystals  (Springer-Verlag, Berlin, Germany, 2001).
Tinkham, Group Theory and Quantum Mechanics , International Series in Pure and Applied
Physics (McGaw-Hill, Inc., New York, NY, 1964).

. Painter, K. Srinivasan, and P. Barclay, \A Wannier-I ike Equation for Photon States of Locally

Perturbed Photonic Crystals," Phys. Rev. B 68, 035214 (2003).



	Introduction
	Symmetry Analysis
	Hexagonal Lattice
	J-point Band-Edge Representation
	J-point Donor Modes

	Square Lattice
	X-point band-edge representation
	M-point band-edge representation
	Donor modes


	FDTD Simulations
	Hexagonal Lattice
	Square Lattice


